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We explore the connection between the stiffness of an hadronic equation of state (EoS) with a
sharp phase transition to quark matter to its tidal deformability. For this we employ a hadronic
relativistic mean field model with a parameterized effective nucleon mass to vary the stiffness in
conjunction with a constant speed of sound EoS for quark matter. We compute multiple scenarios
with phase transitions according to the four possible cases of a hybrid star EoS with a stable second
branch. We demonstrate at the example of GW170817 how the effective nucleon mass can be
constrained by using gravitational wave data. We find, that certain values of the effective nucleon
mass are incompatible with GW170817 and a phase transition simultaneously. By using the recent
NICER measurements of J0030+0451 at the 1σ level we constrain our results further and find that
strong phase transitions with a visible jump in the mass-radius relation are ruled out at densities
below 1.7 times saturation density.
I. INTRODUCTION
A well established hypothesis for the equation of state
of compact stars is the possibility of hybrid stars [1–8],
which feature a hadronic mantle and a quark matter core.
In contrast to pure hadronic EoSs, which generate a sin-
gle stable branch in a mass-radius relation, these hybrid
EoSs can generate a second stable branch. This can lead
to so called twin stars, where two stars have the same
mass, but different radii [9–19].
The possibility of pure quark stars is not ruled out either
[1, 2, 20–24]. A widely used approach to describe the
hadronic matter in neutron star is the relativistic mean
field model [25–32].
The chirp mass M and the weighted tidal deformabil-
ity Λ˜ can be measured from the inspiral of two neutron
stars. This makes gravitational wave data useful in con-
straining the EoS for neutron stars [33–36]. Specifically,
hybrid star EoS, due to their high compactness, fit well
with the low values of tidal deformability measured for
GW170817 [36–40]. Another important constraint is the
maximal observed mass of a neutron star. Currently the
highest measured mass for a neutron star is about 2M
[41–43] or slightly higher at 2.14+0.10−0.09M [44].
In the light of the recent first measurement of a neutron
star merger (GW170817 [33]) we explore the influence of
the stiffness and transition parameters of a hadronic EoS
featuring a first order phase transition to quark matter.
To this end we employ the parameterizable relativistic
mean field equation of state by Hornick et al. [32], which
enables us to vary the effective nucleon mass. The effec-
tive nucleon mass is linked to the stiffness of the EoS [45],
see also Yasin et al. [46]. The phase transition and quark
matter EoS is modeled after the constant speed of sound
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parametrization presented by Alford et al. [47]. The pa-
rameters for the phase transition are chosen according
to the four categories of twin stars outlined in [18]. We
find, that the presence of a phase transition can have sig-
nificant influence on the compatibility of the underlying
hadronic EoS with the GW170817 data, making EoSs
previously considered to be too stiff viable. However, a
soft EoS might not be capable of generating a second
branch in the mass-radius relation. This way certain as-
sumptions of a phase transition for a known stiffness of
the nuclear EoS can be excluded. The recent measure-
ments by NICER [48–50] of the pulsar J0030+0451 can
be used to constrain the EoS further. Riley at al. state
a mass of 1.34+0.15−0.16M with a radius of 12.71
+1.14
−1.19km
[48], while Miller et al. state 1.44+0.15−0.14M with a ra-
dius of 13.02+1.24−1.06km [49]. This constraint rules out a
strong phase transtion at densities of n . 1.7n0. We
show that the NICER data [48–50] provides an indica-
tion, that an extremely soft nuclear equation of state and
a strong phase transition are mutually exclusive.
II. THEORETICAL FRAMEWORK
A. Equation of State
1. Hadronic Equation of State
The relativistic parametrization introduced by Todd-
Rudel et al. [51] (see also: [32, 52]) is a generalized rel-
ativistic mean field approach with the main advantage,
that the slope parameter L, the symmetry energy J and
the effective nucleon mass m∗/m can be easily adjusted.
Taking into account σ, ω and ρ mesons, the interaction
ar
X
iv
:1
91
2.
09
80
9v
3 
 [a
str
o-
ph
.H
E]
  2
0 J
an
 20
20
2Lagrangian can be written as:
Lint =
∑
N
ψi
[
gσσ − gωγµωµ − gρ
2
γµ~τ~ρµ
]
ψi
− 1
3
bm (gσσ)
3 − 1
4
c (gσσ)
4
+ Λω
(
g2ρ~ρµ~ρ
µ
) (
g2ωωµω
µ
)
+
ζ
4!
(
g2ωωµω
µ
)2
(1)
The last two terms describe a density dependence via the
σ − ω coupling term Λω and the quadratic self coupling
ζ of the ω mesons [30, 51, 53]. The gσ and gω couplings
can be used to determine the density of the ground state
n0, as well as the binding energy per particle E/A(n0).
If one wants to determine the values of E/A(n0), b, c and
Λω one needs to fix certain parameters. Hornick et al.
[32] followed the approach by Chen et al. [52] to do so.
Apart from n0, E/A(n0), incompressibility K(n0), the
parameters J , L and m∗/m have to be fixed. The value of
ζ is set to zero [52] in the following to achieve the stiffest
possible EoS. K is fixed to K = 20MeV [32]. Hornick et
al. additionally constrain the fixed parameters using the
constraints from the analysis of χEFT for densities up
to 1.3n0 [54]. By comparing the different EoSs with the
allowed band from χEFT they find, that only values of
40 ≤ L ≤ 60 are possible, when 30 ≤ J ≤ 32 also holds
true.
We fixed the values L = 60 MeV and J = 32 MeV while
varying the effective mass m∗/m. These values of L and
J allow for the greatest allowed range in effective mass
values, see [32]. We note that the mass-radius relation
does not depend significantly on the choices of L and J
[32]. The softness of an EoS corresponds to the value of
m∗/m, as only m∗/m controls the high-density behavior
[45]. Lower values of m∗/m generate a softer EoS, while
high values generate a stiffer EoS.
2. Phase Transition
We assume, that at high baryonic densities a first order
phase from hadronic to quark matter takes place. This
behavior is modeled with a Maxwell construction. The
hadronic matter is described by the parameterized EoS
(see [32]), while the constant speed of sound approach
[13, 47, 55] in the form used by Alford et al. [47] is
employed for the quark matter. This means, the entire
EoS is given as:
(p) =
{
HM (p) p < ptrans
HM (ptrans) + ∆+ c
−2
QM (p− ptrans) p > ptrans
(2)
where ptrans is the pressure at which the transition takes
place and  the corresponding energy density. The dis-
continuity in energy density at the transition is ∆. For
the speed of sound in the stars core, a value of cQM = 1
is assumed, using natural units.
B. Classification of Twin Stars
A first order phase transition gives rise to the phe-
nomenon of ”twin stars”, which are neutron stars with
identical mass, but different radii [10–16, 18]. In order to
investigate twin star equations of state it can be useful
to classify the twin star solutions into four distinct cat-
egories, as described in [18]. In this subsection a short
summary of the four categories is provided. We refer to
the maximum of the hadronic branch as the first max-
imum and the maximum of the hadronic branch as the
second maximum in a twin star mass-radius relation. In
[18] we showed that the mass value of the first and sec-
ond maximum can be related to values of ptrans and ∆
respectively. The shape of the second branch is governed
by the value of ptrans, while its position is strongly influ-
enced by the value of ∆. High values of ptrans lead
to high masses in the first maximum and flat second
branches. Low values of ∆ lead to a second branch near
the discontinuity (i.e. a high mass at the second maxi-
mum). With this in mind the twin star categories can be
defined as follows:
I: Both maxima exceed 2M, which implies high val-
ues of ptrans and a nearly flat second branch.
II: Only the first maximum reaches 2M, which again
requires a high value of ptrans.
III: The first maximum is in the range of 2M ≥
Mmax1 ≥ 1M, while the second maximum ex-
ceeds 2M. Accordingly, the transitional pressure
is lower than in the previous categories and the sec-
ond branch becomes steeper.
IV: Like category III the second maximum exceeds
2M, however the first maximum is below even
1M. The second branch is at its steepest slope
here.
C. Tidal deformability
The observation of gravitational waves from compact
star mergers, as demonstrated for GW170817 detected
by the LIGO and Virgo observatories [33], can be used
to constrain the EoSs of compact stars, because they
contain information on the tidal deformability and chirp
mass of the participating neutron stars during the inspi-
ral phase.
The chirp mass can be measured to a very high precision
and is closely related to the total mass Mtotal via:
M =
(
q
(1 + q)2
) 3
5
Mtotal (3)
where q is the mass-ratio of the participating stars.
For GW170817 the chirp mass was measured as M =
1.186+0.001−0.001M [56].
3The tidal deformability λ measures the quadrupole de-
formation Qij of an object in response to the external
tidal field Eij [57, 58] in the following form:
Qij = −λEij (4)
where λ is related to the more commonly used parameter
Λ in the following way:
Λ =
2k2
3C5
(5)
with k2 =
3
2λR
−5 and C = M/R being the compactness
of the star.
The most interesting aspect of Λ for our purposes is, that
it is dependent on the EoS of the compact star, that is
being deformed, and that it can be easily calculated [57–
59]. This can be used to compare the calculated values
with the gravitational wave measurement. However, the
inspiral of two compact stars with masses M1 ≥M2 can
only reveal a combined value of the tidal deformabilities
Λ˜. For this reason Λ1−Λ2 plots are common, where every
value of Λ1 is assigned a fitting value of Λ2 based on the
precisely measured chirp mass. Depending on the EoS
this can lead up to three thin lines in the plot. These lines
are a neutron-neutron (NN), neutron-hybrid (NH) and
hybrid-hybrid star line (HH) (see for more detail: refs.
[38, 39]). Each dot in these plots indicates a possible pair
of merging neutron stars. The gravitational wave data
can then be used to constrain the area in the Λ1−Λ2 plot
from which the measured signal would have originated.
Due to the high mass values of all hybrid stars in category
I the LIGO measurement excludes the participation of a
category I hybrid star in the GW170817 event (see [38]).
Category I EoSs might still be viable. However, using
GW170817 data they are identical to the purely hadronic
case and will thus not be discussed separately.
III. TIDAL DEFORMABILITY FROM
EQUATIONS OF STATE WITH VARYING
STIFFNESS
In the following we present the Λ1 − Λ2 plots for a
selection of EoSs from the categories II - IV, as well as
the pure hadronic case, described in [18], with varying
m∗/m using the chirp mass and credibility limits from
GW170817 as constraints. The effective mass starts at
m∗/m = 0.55 and is increased in steps of m∗/m = 0.05
to m∗/m = 0.75. A slope parameter of L = 60 MeV and
a symmetry energy of J = 32 MeV are fixed. We start
with the pure hadronic case in figure 1. On the left plot
are the mass-radius relations and on the right one are the
corresponding Λ1−Λ2 plots. The 90% and 50% credibil-
ity levels by LIGO are added into the graphic as a dashed
and a dotted black line respectively [56]. Like Hornick
et al. [32] we find, that effective masses of m∗/m ≥ 0.65
are compatible with GW170817 data.
Ideally one would keep the parameters of ptrans and ∆
NN
NN
NN
NN
NN
FIG. 1. On the left side the mass-radius relation for an EoS with
J = 32MeV and L = 60MeV , with varied values of m∗/m is
displayed. On the right side the corresponding possible neutron
star combinations are shown.
identical for all variations of m∗/m within a category,
in order to investigate the effect of a varied stiffness in
isolation. However, in order to find category II solutions
high values of ptrans and ∆ are necessary and due to
the high transitional pressure it is not possible to find a
single value of ptrans that can generate a phase transi-
tion for all investigated values of m∗/m. For this reason
the ptrans and ∆ parameters are chosen to be as close
together as possible while still generating a category II
solution. For a hadronic EoS as soft as the m∗/m = 0.75
case it is not possible to find a category II solution at all.
The mass radius relations (left) and the Λ1 − Λ2 plots
(right) from category II are shown in figure 2.
Only m∗/m = 0.65 and m∗/m = 0.70 generate NN
pairs within the credibility limit, as is the case in the
purely hadronic scenario. For all category II EoSs the NH
pairs are close to the y-axis. This is caused by the high
mass values of the hybrid stars in this category. Stiffer
hadronic EoSs seem to generate their corresponding NH
pairs at higher values of Λ2. However, even for the softest
EoS with m∗/m = 0.70 the NH pairs are still above the
90% credibility level. This means, that the compatibility
of a category II EoS with GW170817 depends entirely on
the hadronic EoS, since only NN combinations are within
the LIGO credibility level.
The values ptrans = 43 MeV/fm
3 and ∆ =
350 MeV/fm3 can generate category III solutions for all
values of m∗/m considered. This is depicted in figure 3.
The stiffest EoS is completely outside of the LIGO cred-
ibility level. However, even for the stiffest case the NH
pairs are closer to the credibility limit than the pure NN
case. The m∗/m = 0.60 EoS is the first case, where the
phase transition improves the compatibility of an EoS
with the LIGO measurement, by moving some NH com-
binations into the 90% credibility area, where the pure
NN case would be outside of it.
In our previous publication [38] we found a special case
for a transition at values of ptrans = 43 MeV/fm
3 and
∆ = 350 MeV/fm3, where NN, NH and HH combina-
tions were generated by a single EoS. The NH pairs are
located in two areas, one above the Λ1 = Λ2 limit and
4NN
NN
NN
NN
NH
FIG. 2. A phase transition of the category II type is depicted, the
parameters are written behind the corresponding values ofm∗/m in
the order (ptrans/∆) in units of MeV/fm3. The NN combinations
are identical to the pure case, due to the late phase transitions. NH
combinations close to the axis can be found for all cases. However,
the NH combinations are not closer to the LIGO limit, than the
NN combinations.
one below. The latter case is generated by so called ris-
ing twins, where the more massive twin star has a larger
radius [11]. The hadronic EoS in that case was the DD2
equation by Typel et al. [31], which has an effective nu-
cleon mass of m∗/m = 0.6255. A similar special case
can be found for the EoS covered in this work, for an
effective mass of m∗/m = 0.65. However, if so desired
a special case can be realized for any category III EoS,
if the transition parameters are chosen accordingly (see
figure 4). The NN pairs of the m∗/m = 0.65 case are
already at the border of the credible area and the NH
pairs can move even further into it. The HH pairs of the
m∗/m = 0.65 reach below even the 50% credibility limit.
The m∗/m = 0.70 case does not exhibit NN combina-
tions, but the NH pairs are located nearly completely in
the credibility limit, while the HH pairs are below the
50% credibility limit. The m∗/m = 0.75 case is missing,
because it is not possible reach the 2M requirement
with a CIII phase transition.
In contrast to the previous categories it is not difficult
to find an EoS in category IV, that produces combina-
tions inside the 50% credibility limit. This is because the
early phase transition makes the quark matter equation
of state more dominant and this EoS was chosen specifi-
cally to be the most stiffest possible equation consistent
with causality. Due to the identical quark matter EoS
in all cases we chose to depict different phase transition
parameters in Fig. 5, as similar values would generate
mass-radius relations that are nearly on top of each other.
Still the resulting combinations in the the Λ1 − Λ2 plot
are close together (see the right side of Fig. 5). By def-
inition it is only possible to find HH lines in a category
IV case.
In table I the compatibility of the four categories with
GW170817 in dependence on the effective nucleon mass
m∗/m is broadly summarized. In the table category I
is written down as I/0, where 0 means ”no category”.
The ”x” symbol marks cases, where a phase transition
fulfills the 2M constraint, but no combinations of neu-
NN
NN
 
NH
NH
NH
NH
NH
NN
HHHH
FIG. 3. Category III phase transitions with the parameters
ptrans = 43 MeV/fm3 and ∆ = 350 MeV/fm3 are depicted. There
are fewer NN combinations than in the pure case (see Fig. 1), since
the neutron star branch in the mass-radius relation contains fewer
stars. However, the remaining NN combinations do not change
their position. The NH combinations and the HH combinations
move further into the LIGO credibility limit or closer to it. The
case m∗/m = 0.65 is a special case, where a single EoS exhibits
possible NN, NH and HH combinations.
NN
NH
NH
HH
FIG. 4. The special case for every considered effective mass is
depicted. The phase transition is located at the necessary mass to
generate HH, NH and NN combinations for every value of m∗/m,
which in the case of GW170817, is roughly 1.4M. The parame-
ters are written in the legend in the order (ptrans/∆) in units of
MeV/fm3.
HH
FIG. 5. Cases of category IV phase transitions are depicted, the
parameters are written behind the corresponding values of m∗/m
in the order (ptrans/∆) in units of MeV/fm3. Category IV is
dominated by the EoS describing quark matter. As a result the
second branch is incredibly stiff and the effective mass has virtually
no impact on the EoS. Since only hybrid stars can be combined with
other hybrid stars to find the possible areas in the Λ1-Λ2 plot on
the right hand side the possible combinations are very close to each
other, even though their mass-radius relations (on the left) appear
to be very different.
5Category 0.55 0.60 0.65 0.70 0.75
I/0 x x o y y
II x x o y n.a.
III y y y y n.a.
IV y y y y y
TABLE I. These are the cases of m∗/m supported by tidal
deformability observation. The o denotes the cases where the
line is at the 90% credibility limit, y is below and x is above.
tron stars are located within the LIGO credibility limit.
The ”y” symbol marks cases, where any combination is
located within the credibility limit. The ”o” is used,
when the most compact pairs are directly at the cred-
ibility limit. A phase transition of category I does not
change the compatibility of any of the hadronic EoS with
the GW170817 data, which means that only the cases
0.65 ≤ m∗/m ≤ 0.75 are within the credibility limit,
with m∗/m = 0.65 at its very border.
The same is true for a category II phase transitions. How-
ever, it is important to stress, that only effective nucleon
masses of m∗/m ≤ 0.70 can be realized with a category I
or II phase transition. The m∗/m = 0.75 case is too soft
to generate a stable second branch at the high values of
ptrans required for the first two categories.
A phase transition of category III can lead to NH and
HH combinations within the LIGO credibility limit for
the cases m∗/m ≤ 0.70. This means, that the case
m∗/m = 0.70 is the only case, that can generate NN
and NH pairs that are completely within the credibility
limit. The m∗/m = 0.75 can not be realized with a phase
transition, that generates a stable second branch. How-
ever, this configuration can not be considered a category
III case, as the second branch can not reach 2M.
It is only possible to find a m∗/m = 0.75 case, that gen-
erates a second branch and has a maximal mass that
exceeds 2M if the first branch has its maximum below
1M. This means, that all cases m∗/m can generate a
stable second branch in the form of a category IV phase
transition. Category IV phase transitions generate only
HH combinations,these combinations are very compact
and as a result all examined cases of m∗/m are within
the 50% credibility limit.
However, due to the early phase transition the influence
of m∗/m on the mass-radius relation is negligible. As a
result no meaningful statement about the influence of the
effective nucleon mass on a category IV phase transition
can be made.
IV. A NICER VIEW ON TWIN STARS
The recently released mass and radius measurements
of the pulsar J0030+0451 by the NICER program [48–
50] can be used to constrain the EoSs discussed pre-
viously. NICER measures neutron star radii by ob-
serving hotspots on the pulsars surface. Depending on
the model used to place these hotspots, two different
masses and radii are determined. Riley at al. find
a mass of 1.34+0.15−0.16M with a radius of 12.71
+1.14
−1.19km
[48], while Miller et al. find 1.44+0.15−0.14M with a radius
of 13.02+1.24−1.06km [49]. The compactness is determined
more precisely and in both cases given as: MG/Rc2 =
0.16± 0.01.
In Fig. 6 a sample of category III EoSs is depicted, with
the constraints from NICER shaded gray and the 2M
constraint from J0740+6620 [44] shaded green. We find,
that for the pure hadronic cases, all considered effective
masses generate neutron stars, that fit within the mass-
radius range determined by Miller et al. [49]. The cases
m∗/m ≥ 0.55 are within the range determined by Riley
et al. [48] as well, only the m∗/m = 0.55 case is outside
the range.
By definition, only category II - IV phase transitions
can support hybrid stars, that fulfill the NICER con-
straints. Category I has to meet the constraints with
its hadronic branch. However, category II phase tran-
sitions generate massive hybrid stars, which usually are
at higher masses than the constraint as well. Category
III phase transitions take place at a mass range, that is
within the NICER likelihood. As a result hybrid stars
and pure hadronic stars, that fit within the constraint
can be found for all effective nucleon masses. The black
straight lines in Fig. 6 indicate the maximum of the
hadronic branch. The lowest maximal masses are gener-
ated by the lowest transitional pressures of the respec-
tive cases. The m∗/m = 0.75 case can not reach the
2M constraint, as mentioned previously, however the
pure hadronic m∗/m = 0.75 case fits well with the Riley
et al. mass and radius data [48].
Due to the comparatively small uncertainty in radius cat-
egory IV phase transitions that generate neutron stars
within the constraints from either Riley et al. or Miller
et al. are impossible to find. The hadronic branch ends
before the minimal mass is reached. The hybrid star
branch would be located at smaller radii than required.
This behavior can be seen for the earliest phase tran-
sitions of the category III examples in Fig. 6 as well.
Therefore we can state, that a strong phase transition
is only compatible with the NICER constraints if the
maximal mass of the hadronic branch is greater than the
minimal mass of the NICER measurement. This can be
related to the transitional pressure and the density. We
find, that strong phase transitions are not viable for den-
sities below n . 1.7n0. We consider phase transitions
”strong” if ∆ ≥ 350MeV/fm3. This value is the lowest
value for of discontinuity in energy density that gener-
ates a visible difference between the hadronic maximum
and the hybrid star minimum of about 0.1M for cate-
gory IV cases. We used the explicit radii from Riley et
al. [48] and Miller et al. [49] instead of the correspond-
ing likelihood ellipses. When considering the 2σ likeli-
hood ellipses [50] the constraints become weaker. How-
ever, a phase transition with parameters n . 1.4n0 and
∆ ≥ 350MeV/fm3 is still outside the 2σ likelihood con-
6straints from the NICER measurement.
J0740+6620
Riley et al. 
Miller et al. 
Compa
ctness
 J0030
+0451
FIG. 6. Mass-radius relations for category III phase transitions
are depicted for all considered effective nucleon masses. The con-
straints for the J0030+0451 measurement by NICER are taken
from refs. [48, 49] and are shaded gray. The 2M constraint
from J0740+6620 [44] is shaded green. All cases of m∗/m can
generate neutron stars and hybrid stars within the NICER like-
lihood, if the transition parameters are chosen accordingly. The
case m∗/m = 0.75 does not meet the 2M constraint if a phase
transition takes place. The black straight lines indicate the max-
imal mass of the hadronic branch for the respective transitional
pressure.
V. CONCLUSION
By employing a parameterized relativistic mean field
equation of state we explored how the stiffness of a
hadronic EoS influences the tidal deformability of an EoS
featuring a phase transition from hadronic to quark mat-
ter. This phase transitions are chosen to represent the
four categories of twin stars [18]. As stated in our previ-
ous work [38] an EoSs with a phase transition can gener-
ate hybrid-hybrid, neutron-hybrid and neutron-neutron
combinations, depending on the location of the phase
transition in the mass-radius relation. We consider effec-
tive nucleon masses from m∗/m = 0.75 to m∗/m = 0.55,
where a larger effective mass corresponds to a softer EoS.
Like Hornick et al. [32], we find, that only the pure
hadronic cases for m∗/m ≥ 0.65 are compatible with the
GW170817 data [56]. The m∗/m = 0.75 case is to soft
to generate a stable second branch, that fulfills the re-
quirement for a category I,II or III phase transition. Fu-
ture measurement of neutron stars with masses above
2M might cause similar problems for the m∗/m = 0.70
case. At the time of this work the maximal masses of the
m∗/m = 0.70 category II and III phase transitions are
still within the margin of error of the most massive know
neutron stars [41–44].
Due to the higher compactness of hybrid stars, the cases
m∗/m ≤ 0.70 can generate neutron star pairs, from a
category III phase transtition, deeper within the cred-
ibility limit than they could without a phase transi-
tion. This means, that even the cases m∗/m = 0.55 and
m∗/m = 0.60, which are on their own too stiff to allow
for pairs of neutron stars with sufficiently small values
of tidal deformability, can generate combinations within
the credibility limit. The benefits of a phase transition
in regards to an EoS’s compatibility with the LIGO data
have been shown before [36–39].
Only category IV can be realized for all examined values
ofm∗/m, this is because the resulting EoSs can be consid-
ered independent form m∗/m due to the early phase tran-
sition. However, the recent results form NICER [50] are
incompatible with a category IV phase transition and fur-
thermore exclude strong phase transitions at densities of
n . 1.7n0, where a visible jump in mass of ∆M ≥ 0.1M
at the point of transition occurs.
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